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Signal processing
Polynomial models
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Polynowial models arise in mammerous applications in signal processing
dealing vith the estimation of continuous functions of either space or time
The requirement to interpolate tetween discrete noisy dats points is of
particular interest. In this report, the general-order polynomial tiwe-
varying coefficient-estimation problem is formulated and a sttucture is
indicated for implementation of the coefficient-estimation process. Both
the mazximum likelihood (ML) and maximmm a posteriori (MAP) estimation
coefficient estimators are derived and the corresponding analyses of (over]
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variance are obtained. The cases of measurement data comsisting of samples
of either the polynomial divectly or the polynomial siope ia the preseace

of additive moise are considered. Fimally, expressioms for the semsitivity
to uncompensated acasurement bias of the estimator standavd deviations are

obtained.
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FITTING A POLYMMEAL TO DATA I THE PRESENCE OF NOISE
1.0 INTRODUCTION

Pelynomials provide commonisy used models for funciions FepresoRting pro-
coeses of Interect n space- and Lime-soTies amalisis. Specificall), Uw
polynomial provides & conveniont Nthod for data 1aterpolation and MOOTAING .
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wonding Jistuttunee. For Both Lrpes of (it dole., The APasuiomm weise is
awBed Vo 1o 16TV TN, W FrT i), o Canr sl el wiTh el vori ke
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vrdinate. Slepe campling sowid correend e Wting Wi se - vettgted engie
weswtetont s of the tavgent teo Uis wletlisimg Tunution teintive t9 o contdi -
Ante svetem that sllewe 2 WARl) - amgle Livests rotinh srmiption The ameid-
agle seculption shives (he Putior detivadive ond Famtioh fohgmd ehgie 1»
e eqnated. ¥ gewific ecaple Wete Bight e he feeaht Pwtion of o oot id.
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the question of biased asasurements 1s ciamined. The followiag section pre-
sonts 2 similar development of the YAP estimator. Neil, soms sumerical
results are presontod and some usiful oxpressions are obtained for the secand
ovder polymemial firt. Fimally, » recursive estimation scheme for traching
time-varying polymomial cesfficionts 15 formlated.
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3,(m.0) = dlag) » v (w,k) (slope) (8)
for m = 1.2.... Mposition sanples and b = ),2,....0 time samples are svaiiable
when the N-th ovder pelymamial is 10 be fit to anplitude- and slape-sanpled
data, vespectively. The M sanple points, 5, B + §,2,.... M, are assumed o be

known. The i1ndesr k 13 3 discrets Line-sanple nder indes (or WOk 3 MRasure -
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shich has the altemate form

T L -1

where By 13 the M-by-M identity marrix. Thus, as the number of measurements
increases to the limit, there results from equation (28a)

.m * 0 ¢ (29)
fim Kwe
In the random-parameter case, the total information matrix is obtained by

sppending the inverse matria B, which represents prior hnowledge, to the
information matris for the noarandom ML parameter estimator. According!y.l

dap * I " dprion
s Sun' - Ry, (30)
o A
wALCR provides Ihe COvariance malris bound
By - By - R M (MRMT - 1) e
Y g A A A T % A
* Ry (31)

therelory, the lower bound 00 (he variance of an unbiased NSE estimator
ie satizfivd By the VAP eotimator of the n-th polynomial coefficient, a(n).
This Bound s given by

t{-;'“'(ul} _»-_(J',:” an (32) ‘

which ks satisfied by U equality.

5.0 Tk SECOND-ORDER POLYNOMIAL

fn ERis sectiom, the important second-order polynomial model
) £ agl)e s a()at , (0 ¢ x <L) (33)

it eramined in detail with respect to the estimation of the coefficients a(l)

nd 2(2). e estimitor eftor variance and corresponding lower variance bound

ate exalined with tespect to W, the mumber of spatial-sample points x;,x,,...,

ty Ivsilable snd K. the number of tine-sample points. i

e ¥ positional sample poiats are sssumed to be uniformly spaced over
the interval (O.L) ot ]




L, m=1,2, -« M, (34)

*ug khe W e¢vtimation case, the midpoint-distortion estimator has variance,
Feom spiet lons (1S) and (18),

a8 [P(%) : %th]TRMLI[P(%) : %P(LJ] 35
15 i M- 1D30M -1
"m.(! * 5)1 T X MM M - 2) (M - M + 2) (36)
End wpbitade -measurement data. In a similar manner,
2 L 3 93 2 M -1
ym_(x = '2')2 "W LY M (37)

¢ clope -Aessurement data. The midpoint-distortion estimator is a linear
oMb eantion of the ML polynomial coefficient estimators, which individually
"wve Neen showhs tO reach the so-called Cramer Rao (CR) lower variance bound.
e, 3he distortion ML estimator also performs at the CR lower bound on vari-
nwes

e VAP estimator, @y, p, allows the covariance matrix, Ry,p, to be

s reaced ctpliutly in terms of the measurement variance o2 and the param-
shsve W and K. In particular, the MAP midpoint-distortion estimator, using

tloge mt:. is given by

2 - __L 2 M -1
'y“""’z'l'l 2 PN W

gezeh (o )(%-x::)] 13| -

Y L) I
pK /I3 M-1 er(LMZ)

wheve the coefficient covariance matrix RA is defined as

AT P[(I) g] ¥ (39)

™e corresponding variance using amplitude measurements is more complicated
ww. therefore, provides little additional insight into critical parameter
Jependence. It is, therefore, not included here..

e seasitivity of the ML estimator to measurement bias error for the
«econd-onder system is of particular interest. From equation (24), the addi-
tienal W8 comtribution for the midpoint distortion due to an uncompensated

spesusenent bias vector, b, is

i
}
!



1
%
H
!

TR 6569

T -
1 1 2 ;
5)-1[p(3) - 3 pw] (WTH) w"s| . (40) :
The first type of bias considered is termed "single-point bias," wherein
b'=[0---0b0---0], (41)

such that only the m-th element in the bias vector is nonzero with bias b.
For the slope-measurement case, the resulting bias variance in the distortion
estimator is

3bL(M - 2m + 1)}?
yML( th = [P 42)

The corresponding sensitivity of the standard deviation to the bias is, there-
fore,

2oy (%)b
ML _ 135L units of length ;
ab - [nM(M + 1) M - 2m + 1‘] degree : (43) X

An examination of equation (43) indicates that the least degrading region
for single-point bias errors to occur is near the center of the measurement .
aperture. In fact, for the point m = (M + 1)/2, the error is precisely zero. ;
On the other hand, single-point bias errors near the measurement aperture i
extremities are most degrading. Clearly, having a large number of sensors "
serves to reduce the single-point bias errors by averaging.

The second type of bias error is referred to as "uniform bias," wherein
bT=b[11'°'1], (44) \

that is, all heading-angle measurements are equally biased by an amount b. In
this instance, it is straightforward to show that the bias MSE from equation

(40) is
L

o2 {z)=0 (45)
yML(Z)

for the slope-measurement process. This result shows that if equal bias exists ‘
in the slope measurement at all M measurement points, the net effect in terms :
of estimating the quadratic component of polynomial shape distortion is zero.

Obviously, an error would occur in estimating the linear (rotational)} compo-

nent of the polynomial shape. This rotational error is linearly related to

the bias angle b. Finally, if all M of the slope-measurement sensors have a

random error, bm; m=1,2,...,M, which are zero mean, uncorrelated, and iden-

tically distributed with variance o2, then, by superposition, equation (42)
yields

2
o]
2 (LY (3 b,oM-1
°yML(2)b T R R U (46)
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Notice the similarity between the unbiased ML estimator variance of equa-
tion (37) and the result in equation (46). However, the bias error is not
reducible by time averaging because it is a static bias.

6.0 NUMERICAL RESULTS

Simple variance expressions for the polynomial midpoint-distortion esti-
mators are difficult to obtain for polynomials of order N > 3. Accordingly,
in this section, some numerical results are presented that illustrate the
dependence of the midpoint-distortion estimator standard deviation on the num-
ber of equally spaced measurement (sensor) points M, which are uniformly dis-
tributed at points x; = (m - 1)L/(M - 1), m = 1,2,...,M, and the order of the
polynomial N. For the MAP estimator, the prior knowledge, which consists of
the polynomial-coefficient covariance matrix, is given by

3.637 x 10-5 0 0
R, = |0 4.4 x 1013 0 . 47)
0 0 2.0 x 1018

The estimator standard deviation versus number of measurement points, M,
for both Cartesian (amplitude-) and slope-measurement data fitting are pre-
sented in figures 1 and 2, respectively. A single time sample, K, is assumed.
The measurement noise variances assumed are

c% = 1,0 m?
for Cartesian measurements and
0 = 0.228 x 1073 (radians)?
for slope measurements.

A general observation f.om these results is that the order of the fit
polynomial should be as low as possible while remaining consistent with the
underlying physical process being modeled. The ML process degrades less rap-
idly with increasing polynomial order than the MAP process, at least for the
covariance matrix given in equation' (47). These qualitative statements are
quantified by the results presented in figure 3 for Cartesian (amplitude)
measurement data and figure 4 for slope measurements. For both estimators,
as the number of measurement points, M, increases, the variance decreases.
Both estimates, in fact, are asymptotically equivalent as either the number of
measurement points, M, or the number of time samples, K, becomes infinite.
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